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In light of the cosmological observations, we investigate dark energy models from the Horndeski
theory of gravity. In particular, we consider cosmological models with the derivative self-interaction
of the scalar field and the derivative coupling between the scalar field and gravity. We choose the self-
interaction term to have an exponential function of the scalar field with both positive and negative
exponents. For the function that has a positive exponent, our result shows that the derivative self-
interaction term plays an important role in the late-time universe. On the other hand, to reproduce
the right cosmic history, the derivative coupling between the scalar field and gravity must dominate
during the radiation-dominated phase. However, the importance of such a coupling in the present
universe found to be negligible due to its drastic decrease over time. Moreover, the propagation
speed of gravitational waves estimated for our model is within the observational bounds, and our
model satisfies the observational constraints on the dark energy equation of state.
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2I. INTRODUCTION
The observations of Supernovae type Ia (Sn Ia) [1, 2] in the late 1990s have led to the discovery that
our universe is expanding at an accelerated rate. An explanation for this accelerated expansion invokes the
existence of a mysterious form of energy, i.e., dark energy [2]. The independent measurements of Cosmic
Microwave Background (CMB) temperature anisotropy [3–7] and the Baryon Acoustic Oscillation (BAO) [8]
all support its existence. The observations favor ωDE ' −1, where ωDE is the equation of state of dark energy.
Although the origin of dark energy is still unknown, there have been suggested many models explain the present
accelerating universe [9].
The most popular dark energy model is the cosmological constant Λ, the positive vacuum energy density in
the ΛCDM model of the universe. The ΛCDM model, based on Einstein’s theory of general relativity (GR),
gives the robust description of the universe within a few handful parameters and hence regarded as the standard
model in cosmology. However, the cosmological constant suffers from the so-called fine-tuning and coincidence
problems [10, 11]. Alternatives to the cosmological constant often involve additional degrees of freedom such
as scalar, vector, and tensor fields. In this work, we focus on the scalar-tensor theories of gravity, where only
one additional scalar degree of freedom is included.
A slowly rolling scalar field has been a popular candidate for inflation and dark energy. The potential energy
density of such a field is undiluted by the expansion of the universe; hence it can act as the effective cosmological
constant driving phases of acceleration. Therefore, models of inflation and dark energy based on scalar fields
depend on a specific form of the scalar-field potential V (φ). However, it is generally known that it is difficult
to realize the potential from the fundamental theory to fulfill the slow-roll conditions in inflation or to resolve
the coincidence problems in dark energy models [10, 11]. One of the criticisms about potential driven inflation
and dark energy models is given by the swampland conjectures in string theory. The swampland conjecture
in the cosmological background put the constraints on the field range of a scalar field, |∆φ|/Mpl ≤ d where
Mpl = 1/
√
8piG is the reduced Planck mass, and on the slope of the potential of such fields, Mpl|V ′|/V > c [12–
15]. Here, d and c are positive constants of ∼ O(1) over a certain range for the scalar field. The implications of
these conjectures have been studied for cosmic inflation [16] and dark energy [17–20]. For example, the second
constraint implies that the model parameter λ ∼ O(1) in V (φ) ∼ e−λφ/Mpl .
Over the past decade, as a consistent ghost-free effective field theory, Horndeski theory of gravity [21] has
been studied extensively for scalar-field dark energy. Horndeski’s theory of gravity is regarded as the most
general scalar-tensor theory of gravity whose dynamics governed by second-order equations of motion. The
action in the Horndeski theory can be written as [22–24]
S =
∫
d4x
√−g (L2 + L3 + L4 + L5) + Sm,r , (1)
where Sm,r is the action for ordinary matter and radiation, excluding the scalar field, and
L2 = K(φ,X) , L3 = G3(φ,X)φ , L4 = G4(φ,X)R+G4,X
[
(φ)2 − (∇µφ∇νφ) (∇µφ∇νφ)
]
, (2)
L5 = G5(φ,X)Gµν (∇µ∇νφ)− 1
6
G5,X
[
(φ)3 − 3φ (∇µφ∇νφ) (∇µφ∇νφ) + 2 (∇µφ∇αφ) (∇αφ∇βφ)
(
∇βφ∇µφ
)]
,
with X = −∇µφ∇µφ/2, φ = ∇µ∇µφ, and Gi,X(φ,X) = ∂Gi(φ,X)/∂X (i = 4, 5). The functions K(φ,X)
and Gi(φ,X) (i = 3, 4, 5) are arbitrary functions of φ and X. For K = G3 = G5 = 0 and G4 = M
2
pl/2, the
action reduces to that of GR. By employing special combinations of the independent functions K(φ,X) and
Gi(φ,X), one can construct a broad spectrum of cosmological models from Eq. (1).
3The advent of Multi-messenger astronomy has brought a new era in cosmological studies. In particular, the
direct detections of gravitational waves (GWs) from a neutron star merger GW170817 [25] and its associated
electromagnetic counterpart GRB170817A [26] allow us to constrain the GW speed with a remarkable precision:
−3× 10−15 ≤ cT
c
− 1 ≤ 7× 10−16 , (3)
where cT the sound speed for tensor perturbation and c the speed of light. This bound indicates that the
difference in propagation speed between light and gravitational waves to be less than about one part in 1015.
In the Horndeski theory, the cT is expressed as [23]
c2T =
G4 −X
(
G5,φ +G5,X φ¨
)
G4 − 2XG4,X +X
(
G5,φ −G5,XHφ˙
) . (4)
An immediate consequence of Eq. (4) is that the propagation speed c2T of GWs is independent of K(φ,X)
and G3(φ,X). The requirement of luminal propagation of GWs within this framework implies the condition:
G4,X = 0 and G5 = const. [27]. Cosmological models, based on the Horndeski theory, are ruled out unless this
condition is satisfied. As we will shortly see, in our model, G5(φ) is a function of a scalar field φ, which may
violate the above condition. Therefore, it is imperative for us to examine the propagation speed of GWs.
Our purpose in the present work is to study the late-time dynamics of the universe for a subclass of the
Horndeski theory in light of observational constraints, including bounds on the propagation speed of GWs.
In particular, we consider cosmological models with the derivative self-interaction of the scalar field and its
derivative coupling to gravity. Thus, the setup for models we investigate in this work is the following:
K(φ,X) = X − V (φ) , G3(φ,X) = α
M3
ξ(φ)X , G4 =
M2pl
2
, G5(φ) =
β
2M2
φ , (5)
where V (φ) is the scalar-field potential, α and β are dimensionless constants, and M is a mass scale. This
model has been employed previously for studying cosmic inflation in Ref. [28] and yield results consistent with
the CMB observations. For the setup, we investigate the dynamical evolution of both derivative self-interaction
of the scalar field G3(φ,X) and derivative coupling between the scalar field and gravity G5(φ) and discuss their
cosmological implications in the present universe in view of the observational constraints. To better understand
their late-time behavior, we perform the so-called dynamical system analysis of the fixed points.
The remainder of the paper is organized as follows. For the setup in Eq. (5), we derive the equations of
motion in Sec. II. The dynamical system analyses of the fixed points is discussed in Sec. III wherein we rewrite
the background equations of motion in terms of dimensionless variables. In Sec. IV, we present our numerical
results for an explicit model. We examine the propagation speed of GWs for our model by using the observation
bounds in Sec.V and conclude with a brief summary of our main results in Sec. VI.
II. SETUP AND EQUATION OF MOTION
Employing Eq. (5) in Eq. (1), we obtain
S =
∫
d4x
√−g
[
M2pl
2
R− 1
2
(
gµν − α
M3
ξ(φ)gµν∂ρ∂
ρφ+
β
M2
Gµν
)
∂µφ∂νφ− V (φ)
]
+ Sm,r , (6)
4where Sm,r denotes the standard matter and radiation components. The presence of ξ(φ) and β ( 6= 0) makes
our model different from the previous study in Ref. [20].1 By varying Eq. (6) with respect to spacetime metric
gµν , we obtain the Einstein equation
M2plGµν = T
m,r
µν + T
φ
µν , (7)
where Tm,rµν is the energy-momentum tensor of ordinary matter and radiation components and T
φ
µν is given by
Tφµν = ∂µφ∂νφ−
1
2
gµν (∂αφ∂
αφ+ 2V )
+
α
2M3
[
(ξ∇αφ∇αφ)(µ∇ν)φ− ξφ∇µφ∇νφ− 1
2
gµν(ξ∇αφ∇αφ)β∇βφ
]
+
β
M2
[
−1
2
∇µφ∇νφR+ 2∇αφ∇(µφRα ν) +∇αφ∇βφRµανβ +∇µ∇αφ∇ν∇αφ (8)
−∇µ∇νφφ− 1
2
Gµν∇αφ∇αφ+ gµν
(
−1
2
∇α∇βφ∇α∇βφ+ 1
2
(φ)2 −∇αφ∇βφRαβ
)]
.
Consequently, from Eq. (7), we obtain the evolution equation for the scalar field by using the Bianchi identity
∇µGµν = 0 and the conservation law ∇µTm,rµν = 0:
∇µ Tφµν = 0 . (9)
In a spatially flat Friedman-Robertson-Walker universe with metric
ds2 = −dt2 + a(t)2δijdxidxj , (10)
where a(t) is a scale factor, gravitational field equations are obtained as
3M2plH
2 = ρm + ρr + ρφ , (11)
M2pl
(
2H˙ + 3H2
)
= −1
3
ρr − pφ , (12)
φ¨+ 3Hφ˙+ V,φ − α
2M3
φ˙
[
ξ¨φ˙+ 3ξ˙φ¨− 6ξφ˙
(
H˙ + 3H2 + 2H
φ¨
φ˙
)]
− 3β
M2
Hφ˙
(
2H˙ + 3H2 +H
φ¨
φ˙
)
= 0 , (13)
where V,φ ≡ dV/dφ, ρm and ρr are the energy densities of non-relativistic matter with pm = 0 and radiation
with pr = ρr/3, respectively, and
ρφ =
1
2
φ˙2 + V (φ) +
3α
M3
Hξφ˙3
(
1− ξ˙
6Hξ
)
− 9β
2M2
φ˙2H2 , (14)
pφ =
1
2
φ˙2 − V − α
M3
ξφ˙3
(
φ¨
φ˙
+
ξ˙
2ξ
)
+
βφ˙2
2M2
(
2H˙ + 3H2 + 4H
φ¨
φ˙
)
. (15)
Eq. (13) can also be rewritten in terms of ρφ and pφ as
ρ˙φ + 3H (1 + ωφ) ρφ = 0 , (16)
where ωφ ≡ pφ/ρφ is the equation-of-state parameter of the scalar field. The effective equation of state of this
system ωeff is defined as
ωeff ≡ −1− 2H˙
3H2
. (17)
In the next section, by introducing the dimensionless variables, we rewrite the above equations in the au-
tonomous form, which in turn is useful to analyze the dynamical behavior of the system.
1 When ξ = −1 and β = 0, Eq. (6) is the same as the action in Ref. [20].
5III. ANALYSES OF THE DYNAMICAL SYSTEM
In this section, we examine the background evolution of our model by using the so-called dynamical system
analysis method. This technique gives a robust description of the cosmic history based on the existence of
critical points and their stability, where each of these points corresponds to a different cosmological phase. We
introduce the following dimensionless variables to rewrite Eqs. (11)–(13) into the autonomous form
x1 =
φ˙√
6MplH
, (18)
x2 =
√
V√
3MplH
, (19)
x3 = − 6α
M3
ξ(φ)φ˙H , (20)
x4 =
9β
M2
H2 , (21)
λ = −MplV,φ
V
, (22)
σ = −Mpl√
6
ξ,φ
ξ
. (23)
Here, one can see that the presence of both the derivative self-interaction of scalar field and its derivative
coupling to gravity is encoded in {x3, σ} and x4, respectively. If x4 = 0 but {x3, σ} 6= 0, the resulting setup
describes Einstein gravity only with the derivative self-interaction of the scalar field. On the contrary, a setup
with x4 6= 0, but {x3, σ} = 0, describes a system wherein gravity is coupled to the scalar field. To take
both terms into account, we consider the case where {x3, σ, x4} 6= 0. We rewrite Eq. (11) in terms of the
aforementioned dimensionless variables
1 = Ωm + Ωr + Ωφ , (24)
where Ωm,r = ρm,r/(3M
2
plH
2) and Ωφ = x
2
1 [1− x3(1 + x1σ)− x4] + x22.
By employing a new time variable N = ln a, we obtain the dynamical equations as follows
d lnx1
dN
=
φ¨
Hφ˙
− H˙
H2
, (25)
d lnx2
dN
= −
(√
3
2
x1λ+
H˙
H2
)
, (26)
d lnx3
dN
=
ξ˙
Hξ
+
φ¨
Hφ˙
+
H˙
H2
, (27)
d lnx4
dN
= 2
H˙
H2
, (28)
d ln Ωr
dN
= −
(
4 + 2
H˙
H2
)
, (29)
dλ
dN
=
√
6x1λ
2(1− Γ) , (30)
dσ
dN
= 6x1σ
2(1−∆) , (31)
6where Γ ≡ V,φφV/V 2,φ, ∆ ≡ ξ,φφξ/ξ2,φ, and
H˙
H2
=
∑5
i=1Ni(x1, x2, x3, x4,Ωr)∑3
j=1Dj(x1, x2, x3, x4,Ωr)
, (32)
φ¨
Hφ˙
= −
∑6
i=1Ki(x1, x2, x3, x4,Ωr)
x1
∑3
j=1Dj(x1, x2, x3, x4,Ωr)
, (33)
ξ˙
Hξ
= −6x1σ . (34)
The functions N(x1, x2, x3, x4,Ωr), D(x1, x2, x3, x4,Ωr), and K(x1, x2, x3, x4,Ωr) are given by
N1 = −3x21
[
2x24 − 4x4(2− x3) + 3(2− 4x3 + x23)
]
,
N2 = 6x
3
1x3σ(9 + x4 − 3x3) ,
N3 = 6x
4
1x3σ
2 [(4x4 + 3x3)∆− 6x3] , (35)
N4 = −2(3− x4 − 3x3)(3− 3x22 + Ωr) ,
N5 = x1
[
12(3 + Ωr − 3x22)x3σ −
√
6x22λ(3x3 + 4x4)
]
,
D1 = 4x
2
1x
2
4 ,
D2 = −4x4
[
1− x21(1 + x3) + 2x31x3σ
]
, (36)
D3 = 3
[
4 + x21x
2
3 − 4x3(1 + 2x1σ)
]
,
K1 = −6
√
6x22λ ,
K2 = −2
√
6x21x
2
2x4λ ,
K3 = −3x41x3σ(4x4 + 3x3) , (37)
K4 = 12x
5
1x3x4σ
2∆ ,
K5 = 3x
3
1
[
x4(8− x3) + 3(1 + 4∆σ2)x3
]
,
K6 = 3x1
[
12− 3x3 + 1
3
(4x4 + 3x3)
(
Ωr − 3x22
)]
,
From Eqs. (14)–(15) and (17), we obtain the equation-of-state parameters as
ωφ = 1 +
1
3 [x22 + x
2
1 (1− x3 − x1x3σ − x4)]
[
2H˙
3H2
x21x4 + x
2
1 (4x4 + 3x3)
(
1 +
φ¨
3Hφ˙
)
− 6x22
]
, (38)
ωeff = −1− 2H˙
3H2
. (39)
If ξ = const., the dynamical evolution of the system is governed by Eqs. (25)–(30), since of both σ and ∆
become zero by definition. Furthermore, if both V (φ) and ξ(φ) are exponential functions of φ, the system can
be described only by Eqs. (25)–(29). This is because both Γ and ∆ are equal to 1 in that case. In the following
section, we investigate the latter case for simplicity.
IV. EXPLICIT MODELS AND NUMERICAL RESULTS
In this section, we consider
V (φ) = V0e
−λφ/Mpl and ξ(φ) = ξ0e−
√
6σφ/Mpl , (40)
7where λ and σ are constants. By taking the second swampland conjecture that demands Mpl|V,φ|/V ≥ c ∼ O(1)
into account, we consider λ = c ∼ O(1) to be positive for our study, but the sign of σ can be either positive or
negative. As we mentioned above, both Γ and ∆ are equal to 1 for our choice of Eq. (40); hence Eqs. (25)–(29)
govern the dynamics of the autonomous system.
In what follows, we analyze the behavior of the dynamical system described by Eqs. (25)–(29). Before that,
let us briefly summarize the essentials of the theory of a dynamical system for a one-dimensional system. The
central part of analyzing such a theory is to identify all its critical (or fixed) points. The autonomous equation
x˙ = f(x) is said to have a critical point at x = x0 if and only if f(x0) = 0. A critical point x0 is stable
(unstable) if all solutions of x(t) are attracted to (repelled by) the critical point. The stability/instability of
the fixed point may also be characterized by means of linearization. In the linear stability theory, given a
dynamical system x˙ = f(x) with a critical point at x = x0, the system is linearized about its critical point x0
by M = Df(x0) = (∂fi/∂xj)x=x0 , where the matrix M is called the Jacobi matrix. The eigenvalues of M
linearized about the x0 reveal whether the point is stable or unstable. If all the eigenvalues ofM have negative
(positive) real parts, trajectories passing nearby x0 are attracted to (repelled by) the critical point, which is
then be called stable (unstable). If all the eigenvalues have non-zero real parts with both positive and negative
signs, then the fixed point is called a saddle point. Although our system is not one-dimensional, we employ the
linear stability theory to discuss the stability/instability of the dynamical system described by Eqs. (25)–(29).
Compared to Einstein’s gravity, the number of critical points increases due to additional terms considered
in Eq. (6). Depending on the values of λ and σ, we have up to eleven fixed points where dxi/dN = 0 with
i = (1, 2, 3, 4) and dΩr/dN = 0, which are listed in Table I. Fig. 1 presents the system’s dynamical behavior.
One can see from Table I that the I± points, which denoted by the red dots in Fig. 1, correspond to solutions
where the constraint Eq. (11) is dominated by the kinetic energy of the scalar field (i.e., a kinetic regime), and
thus the effective equation of state becomes ωφ = ωeff = 1. These solutions behave as saddle points, unlike the
quintessence case wherein they correspond to unstable nodes and, therefore, are relevant at early times [29].
The points II± and III± correspond to radiation- and matter-dominated (RD & MD) phases with ωφ =
ωeff = 1/3 and 0, respectively. These points exist only for sufficiently large values of λ (i.e., λ
2 > 3 for the
RD phase and λ2 > 4 for the MD phase, respectively). Thus, these points are not presented in Fig. 1 because
we set λ = 1 to respect the swampland criteria when plotting the figure.
The blue dots in Fig. 1 denote the fixed IV± points. The system can be stable at these points when certain
conditions, as stated in Table I, are satisfied for both λ and σ; hence the late-time attractor solutions are
possible. These solutions exist for sufficiently flat potential with λ2 < 6. Moreover, Table I shows that the
equation-of-state parameters for the IV± points are proportional to λ2 value; therefore, the more we decrease
the λ value, the more the ωφ = ωeff value approaches to −1. Thus, we find that the late-time acceleration of
the universe is possible for these solutions.
The critical V± and V I points, respectively denoted by the green and orange dots in Fig. 1, correspond to
solutions that behave as saddle points. As apparent in Table I, the critical V I point, the orange dot in the
figure, represents the RD phase with ωφ = ωeff = 1/3. However, as Table I indicates, these solutions behave
as saddle points; hence they cannot give the late-time attractor solutions.
8TABLE I: Fixed points of the autonomous system.
Pts. x1 x2 x3 x4 Ωr Ωm Ωφ Existence Stability/Unstability ωφ = ωeff
I± ±1 0 0 0 0 0 1 ∀λ Saddle 1
II± 2
√
2√
3λ
± 2√
3λ
0 0 1− 4
λ2
0 4
λ2
λ2 > 4 Saddle 1
3
III±
√
3√
2λ
±
√
3√
2λ
0 0 0 1− 3
λ2
3
λ2
λ2 > 3 Saddle for 0(
−
√
24
7
≤ λ < −√3 ∧ σ < − λ√
6
)
∨
(√
3 < λ ≤
√
24
7
∧ σ > − λ√
6
)
Stable spiral for
λ2 > 24
7
and ∀σ
IV± λ√6 ±
√
1− λ2
6
0 0 0 0 1 λ2 < 6 Stable for −1 + λ2
3(
−√3 < λ < 0 ∧ σ < − λ√
6
)
∨
(
0 < λ <
√
3 ∧ σ > − λ√
6
)
Saddle for
3 < λ2 < 6 ∧ ∀σ
V± −σ ±
√
σ2 − 1 0 2− 4σ (σ ±√σ2 − 1) 0 0 0 1 σ2 > 1 Saddle −1 + 2σ (σ ∓√σ2 − 1)
V I − 2
3σ
0 −6 0 1− 4
3σ2
0 4
3σ2
σ2 > 4
3
Saddle 1
3
9-� -� � � �-�
-�
�
�
�
��
��
-� -� -� � � �-�
-�
�
�
�
��
��
FIG. 1: The phase space portraits of the dynamical system Eqs. (25)–(29) with λ = 1 and σ =
√
3. The red,
blue, green, and orange dots represent the critical I±, IV±, V±, and V I points in Table I, respectively. The
critical II± and III± points are presented due to our choice of λ and σ values.
Fig. 2 shows the time evolution of Ωi(z) (i = r,m, φ), xi(z) (i = 1, 2, 3, 4), ωeff (z), and ωφ(z). The initial
conditions are given in such a way that the resulting cosmological evolution has the right phase transitions: Ωr
→ Ωm → Ωφ. Thus, the effective equation of state starts evolving from ωeff ' 1/3 (the RD phase), and after
passing through ωeff = 0 (the MD phase), it eventually approaches to ωeff ' −1. The universe enters into a
phase of the cosmic acceleration when ωeff < −1/3, which occurs around z ' −0.78 in our case.
To reproduce a viable cosmic history, the evolution of xi must depend on fine-tuned initial conditions:
x4 > x3  x2  x1 in our case. Although the initial value of x4 is the largest among them, its time evolution
experiences the drastic decrement as the universe expands, see dotted lines in the right column of Fig. 2.
Such the decreasing behavior can be explained by the time evolution of the Hubble parameter during a phase
of accelerated expansion. The estimated value of x4 ∼ O(10−24) near z = 0 leads to a conclusion that the
derivative coupling between the scalar field and gravity gets insignificant over time and becomes negligible in
the present universe.
Besides, the time evolution of the derivative self-interaction of the scalar field, i.e., the x3 term, is kept
nearly frozen during RD and MD phases, see dot-dashed lines in the right column of Fig. 2. However, as the
Ωφ-dominated era sets in, the x3 eventually increases (decreases) for negative (positive) values of σ. In the
meantime, for σ ≥ 0, x1 and x2 significantly grow and can outpace both x4 and x3 in the vicinity of the MD
era. This means the dynamics of our model converge to that of the quintessence in the future. However, for
the negative values of σ (i.e., σ < 0), the late-time evolution of x3 can grow even faster than x1 and x2, see the
dot-dashed line in the middle panel of the right column of Fig. 2. 2 Thus, the dynamical evolution of ωφ = ωeff ,
approaches to 0 in the future. This means that in the future, after the scalar-field dominated phase ends, our
universe should reenter the MD phase where ωeff ' 0 once again.
2 For an illustrative purpose, we set σ = −40 in Figs. 2 and 3 to emphasize the growth of x3 at late-time for σ ∼ O(1) values,
which is challenging to notice otherwise.
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FIG. 2: Numerical solutions for Ωi, ωi (left), and xi (right) with varying σ, but fixed λ. Setting λ = 1, we
vary σ = {0, −40, 1}, from top to bottom panels, respectively. The initial conditions are given as
x1 = 3× 10−25, x2 = 10−12, x3 = 10−2, x4 = 1, Ωr = 0.999 at 1 + z = 1.46× 107.
Following Refs. [14, 18–20], we plot in Fig. 3 the redshift evolution of the equation of state ωφ(z) together
with observational upper bounds from CMB, BAO, SnIa, and H0 data [30]. The theoretical predictions of our
model is plotted in blue (dashed) lines with the same initial condition as Fig. 2, and we used the Chevallier-
Polarski-Linder (CPL) parameterization of the dark-energy equation of state [31] that reads
ω(z) = ω0 +
z
1 + z
ωa . (41)
The left column of Fig. 3 shows the ωφ(z) with different values of σ, but fixed λ, where we set λ = 1 to
respect the swampland criteria. We summarize our findings as follows:
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FIG. 3: Evolution of ωφ with varying σ (left) and λ (right). The initial conditions are the same as in Fig. 2.
The blue lines show predictions of our model while the solid-, dashed- and dotted-black ones indicate 1σ, 2σ,
and 3σ contours of the observational upper bounds, respectively. From top to bottom, σ = {0, −40, 1} with
λ = 1 (left), and λ = {1, 0.8, 1.2} with σ = −14 (right).
- When σ = 0, our result in the left-top panel of Fig. 3 reproduces that of the quintessence scenario because
ξ = const. from Eq. (40), and the estimated x4 value in the redshift interval of 0 ≤ z ≤ 1 is negligible
. O(10−24), see the dotted line in the right-top panel of Fig. 2. As a result, the prediction of the model
is in conflict with the current observations at the 2σ level between the redshift interval of 0.1 . z . 0.45.
- When σ > 0, as apparent in the left-bottom panel of Fig. 3 where σ = 1, the prediction of our model is
still in conflict with the current observations at the 2σ level due to larger values of ωφ within the interval
of 0.1 . z . 0.45. The redshift interval gets broader as the σ value increases.
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- However, the negative values of σ make the theoretical predictions of our model consistent with the
current cosmological observations at the 1σ level, making ωφ approach to −1, see the left-middle panel
in Fig. 3.
In the right column of Fig. 3, we vary the λ value by setting σ to some negative value (e.g., σ = −14).
Then, respecting the string swampland criteria, we vary the λ values between 0.8 ≤ λ ≤ 1.2. As apparent in
the figure, we obtain a viable result with both the cosmological observations and the swampland criteria. To
summarize, Fig. 3 shows that, for λ ∼ O(1), the presence of ξ(φ) with a positive exponent (or σ < 0) can
make our model more viable and consistent with the current observations and, at the same time, satisfy the
swampland criteria.
V. PROPAGATION SPEED OF GRAVITATIONAL WAVES
In this section, we derive the stringent bounds from the observational constraint on cT . Substituting our
choice of independent function in Eq. (5) into Eq. (4), we rewrite the propagation speed as
c2T =
1− Σ
1 + Σ
, (42)
where Σ ≡ βφ˙2/(2M2M2pl) = x21x4/3 in terms of dimensionless variables. Employing the fact that Σ 1 in the
late time because x4  1 while x21 ∼ O(10) from Fig. 2, we combine Eq. (42) with the observational bounds
Eq. (3) to obtain
−7× 10−16 . Σ . 3× 10−15 , (43)
where c = 1 assumed. In terms of dimensionless variables, Eq. (43) reads
−2.1× 10−15 . x21x4 . 0.9× 10−14 , (44)
which is only valid for our model Eq. (6). As apparent from Fig. 4, our model with both positive and negative
values of σ while λ ∼ O(1) is well within the observational bound. The shaded regions (both gray and cyan)
in Fig. 4 are favored by the observations.
0.001 0.005 0.010 0.050 0.100 0.500 1
10-34
10-29
10-24
10-19
10-14
z
cT
c
-1 σ > 0
σ < 0
FIG. 4: Using the same initial conditions as Fig. 2, we plot the cT /c− 1 where λ = 1. The horizontal red line
indicates the observational upper bound from Eq. (44). The gray region of σ < 0 is separated from the cyan
one of σ > 0 by the σ = 0 solid line.
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VI. CONCLUSION
In light of the current cosmological observations, we have studied dark energy models from the Horndeski
theory of gravity. In particular, we have considered models with the derivative self-interaction of the scalar field
and its derivative coupling to gravity. To reproduce the right cosmic evolution (Ωr → Ωm → Ωφ), we have given
initial conditions for xi as follows: x4 > x3  x2  x1, which indicates that the derivative coupling between
the scalar field and gravity must initially be prevailing over terms corresponding to the kinetic and potential
energy density, as well as the derivative self-interaction of the scalar field. According to Fig. 2, where the
time evolution of the coupling between the scalar field and gravity is presented, the effect of such the coupling
between the scalar field and gravity gets weaker and weaker over time and eventually becomes negligible in the
present universe.
In Eq. (40), we have chosen the self-interaction term to have an exponential function of φ with both positive
and negative exponents, which correspond to σ < 0 and σ > 0, respectively. For the function that has a positive
exponent, our result in Sec. IV has shown that the derivative self-interaction term plays an important role in
the late-time universe. In other words, we found that while λ ∼ O(1), the presence of ξ(φ) ∼ e−
√
6σφ/Mpl with
a positive exponent (i.e., σ < 0) can make our model more viable and consistent with the current observations
and, at the same time, satisfy the swampland criteria.
We have used the observational bounds on GW speed c2T to put constraints on our model in Sec. V. Fig. 4
has shown that, for a broad range of parameter space, our model satisfies the bounds on the speed of GWs by
the GW170817 and GRB170817A measurements. The deviation of the speed of GWs from the speed of light is
found to be no more than one part in ∼ 1014. Our result, at first glance, seems to contradict the conclusion of
Ref. [27] in which G5 = const. to satisfy the gravitational wave observations. It can be understood as follows:
the necessary conditions for the right cosmic evolution of our model is that the effect of the derivative coupling
between the scalar field and gravity term, i.e., G5(φ) effect, should be dominant during the radiation-dominated
era. However, G5(φ) term decays faster than any other term as time evolves. As a result, the effect of the
G5(φ) term at present is negligible.
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